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IThe semi-circle law without matrices and without randomness

Informal Statement : Zeroes of Hermite polynomials converge
to semi-circle distribution

1) Preliminaries on OPRL

OPRL = orthogonal polynomials on the real live

Let EE(N) with all moments (even partial movel
In 23/0 , p) with < f .ghp = Cryfalgtal pldor),
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anpe
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1Fully
II Pullq

Favard's theore (1940s) : informally ,
there is a correspondance

- (R) o (Prio Canb
.) E(XR)N

2) OPRLs for the Gaussian : Hermite polynomials
V(d) = e-da

Howile polynomials (Hel no are the OPRL associated to U.

Basic facts
given by Wikipedia :

XHen = Henne-nHann
S He = H

...

~ aj(5) = 0 and bj()=



3) The semi-circle for zeroes of Hen

Let psc() = es(o) dos with exk)= (2,27()

Fact 1 : OPRLs have simple zeroes on IR (consequence of
the interlacing properties

Fact2 : correct scaling is given by q=i
so that Sonp() =& Sepeldalo hightness of (feel

Theore : Mu all Ms

Rof :
Let su(z) = Sptz) := Capital for zEB

.

Rz - x

It is enough to
prove

that
,

for
-
ayzEk- ,

Su(z) no Ss(z) = - z = 1z2- 4
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Note that :

() = 1E:

= Log Hen If
But Xen = Hera-nHennX



Es 1 Her = (X + Hi Heinehe

1 logHe = (X + He)

Selling X = Fz
,

this becomes l S.. (z) = (Fz + Fs: (1)
What is all= (E)

:Ne -S(z) + 0H)

So
sitz)

= Sy(z) + o() ( su(z) + zS(z) - 1 = o()

Then show (snzll
:

on SzED : /Inzk y] (p-0 fixed)
is equicolinious and bounded Ali pecopach

And
my

accumulation point stz) satisfies

s(z) + zs(z) - 1 = 0 Es s(z) = - z =e4
2



#/ B-ensembles and associated tridiagonal models
1) Dyson's threfold way (1962)

B = dimk 1 2 4

Field K IR CH

group
of oth

O Un Spu
~
tries on K Y

3
Gaussian matrix

GOE GUE GSE
ensembles

Defining GOE
,
JUE

,

GSE :

Let No be
a Gaussia on K Cat

every coordinate)
such What EIN] = 0 and HINK] = ElNN] = 1

Then consider GP1 = (NK
. :j)eje E. (k)

when the (Nij)ejen are did.

and set GBEn =
G(69

*

⑮
Let &"B = (B--* B1) E it be the eigenvalues of GBEn .

Proposition : For all BES1 ,
2

, 43 ,

A"has distribution

1 1D(N)/P esp)-B1N1)-Lobesgue a 15z(p)
u

where A(n) = I (1 :
- aj).



Generalizations :

includes the

② B = 1
,

2
,
4 becomes

any Bro
- GBEn salignedEn

② Replacing eap(-BNM) = up/ yep;)
for some V : IR-Ruda3 growing

fast enough at er.
A A priori no

matrices !

Definition : General Bensemble with potential V(VBE ?)
is the r .v .

&'"ER" with distribution

1 11(N)/P ep)-BV(j) &dz .v)

Remark
: Physical interpretation : Gibbs measure 1 Based

Zu
where En = partition function

B = T &20 EST20 "coylallization"
En(d) = energy/Hamillonian of config. ↑ Cuphont

-

thre (1) =Vj)-IlMi-j)
-

meHini-Pelz confining potential Logwithmic repulsion : pairwise
interaction for Coulomb electrostatic

book
force in dimension 2

.

-> here the name "Coulomb gas" in dim 2.

In this class :
focus o GBE



2) Tridigonal matric models
following Dumitriu-Edelman (2002)
Question : Is there a couple random matricJ

whose spectrum is OBEn for
any Bro

?

Theorem IDE 2002) : Consider the symmetric bridiagonal matrices
P XB(n- 1)/2

-> theooud
5. -

Xpre Neve Xpa')XBluz)/zN
.2"- by B-E

(0
- - XB/z
XB/z Or

/B1z

- IXBIz)/2 N -1 XB(n- 1)/2
XB(-1)/2 Do

The Spec T = Spec Fil has distribution Open

Lind with Hermite polynomials :

· JiB) =
b

is a Jacobi matria

( · I(o)-be
.. an

E : its characteristic polynomial f.(X) = det /X J
: )



satisfies XIn = F + a
.

En + bu Fur

· Je%
gives (aj = 0 so PB

: c)
= He
.

bj=
and NB : 0) is the zeroes of Hen

.

This means zeroes ofHen are the minimizers of

E
.
(d) = IIMK-ELog(:-

3) Relationship to OPRL

Consider the linear (self-adjoint) morphism X : 2) - (p)
fuXf

< Xf , g(p = (xf(x)g(u)dy(x) = <f . Xy>+
Recall (Pu) is an othonormal basis with 3-he ecorence

Xpe = be
paint an put bunpa 1

So the matria of freX1 in the basis (po , pe . --)
is the Jacobimatria Slab

a
o by (0)

-

be a1 ---( = I(o) an

We introduce the truncations :

J
.
(a

,
b) = - (0)

a11 (a
. b) =J-- 5(o) an



Proposition : Let pett and the associated (fjljo
and (aj . bj)jo
Then Pu(X) = det (XIn-Jula .b)) = del(XIn-Fla . b))

: Some for J
-

and In
.

Let Qu = def/XIn-Ju)

O =1n+ 1

xIn - 5.1. = (x -c)Qu - (b )Ibu
- 1

--

TObminX-an

= (x- a) Qu - bu? Que

So XQu = Quen + a
.
Qu + b? Que Szego 3-tern recurrent

so Qu = En *

Interpretation of GBEn and DE's model

MP1 = Spec J, 11 metric model of DE

= Zeroes of del (XIn-JuP)
=f with here in an OPRL recurrence .

J. me 519%) = [la ,
b) with a = 0

, bjB I

S Pa satisfies XP9 _A

so Ap:= Her



Non trivial
consequence

:

ZoeofAlon
,a

4) How to
guess

DE's model ?

The proof is aelatively simple calculation
,
so we rather

esp
Lan the intuition for B = 2.

Inhition 1 : Numerical linear algebra
How does a compute diagonalize a full therilian matia?

With a
.

=C
TheLat - Star) = (a) for QEU...

We can Lake Q St . Q = Hellen
,

then

lot(9 - Stas) =(
Repeat for d. : in the and we get a tridiagonal
matrix

.



Intuition 2 : Gaussians should be trackable through this
reduction (Trother's reduction)

Spec GUEn = Spec()
= Spe(s)
->Ikll is X

...

distributed

Sp/
epeali

= Spec(5(
+

2)
Likewise for B = 1 or B = 4.

More intuition/Philosophy/Losing :
Edelman "Ghosts and Shadows"

formulas inspired by the idea B = dinpKp (k . = m
, k = D

, ky = 1)

Op-group of ON symmetries on K" for B = 1
.
2

. 4

= "Hygroup of Jack polynomials for general Bro
emeralization of

groups
-> jj's with 2=S



III/ Intermezzo : more OPRLs

What happens to Thl = Ja , b) if ye
is chomic ?

Let
p= Vjdg ·

Then dim 23p) = n.
So Gre-Schmitt stops : (oife

,--fun) is an

· Lhogonal basis and then En = 0 in 2)
But B is monic of degree so En = (x-bj) .u

S

We have b = O and the rest is undefined :
- - 1

I
ap bo

--

= =(
*

Numerical quadrature :Called "mechanical quad" by Szego)
it is the idea of finding points (bjlejan and

Y

weights (wilje - Sh . Cred wikij
6

equality for chain J's ?
Theorem :

Let pEEIN) on
chonic (so that sty) is infinte

Let
you

be the measure whose Jacobi natrid is

5) = (t) ·

Then

·

que
is alonic with

qu = Wj do,



· f = (X-bj)
· Vftz [X] , Jefdp=j

Examples : 0 Gauss-Loballo for Ulde) = e di
· Gauss-legendre for 110

, 17
hel di

· Gauss-Laguerre for e- Eaco do
-> integration using

zeroes of OPRL as quadrature pls.
X
Biz (o)

Practing enad : J = Fin N... I infinite

101"

The
, by Foraud's theoen ,

TB = Jlpp) for some pp :

·

jep
is random

·

↑B = 0
= U(dx)

·

jp
= fachal random measure related to GMC.

( proven
in the circular setting by Chhabi-Najnudel)



#/Macroscopic consequences
of the tridiagonal model

1) Controlling J191 - 500

Recall J:%= J- (a . b) with

S 96 N
~

bj = XB(j +1)/z
S J&B) - 5

.

8 : %=5- (A .
B) with A= Mj

S 6

B = XBijt)/2 - )↓

Th Bj to 0
,
1)

Thus 1159-5/? = A+

3(n + 2n + f) m3
115-5= 0 llop = E(lig Millop + 2002)llop)

ManNil = 01. % similarly
=O(-9) Va.

2) Semi-circle for GBEn

NP = Spec(5) GEn .

Set pil = 1 day
Theore : VBLO , pips



Proof 1 : stz) = spak)= Enjoy = +r(7
resolvent

Resolvent formula : (z-A)" - (z -B) = (z - A)"(A-B)(z - B)
+

with A = 5
./ and B = 519

:

%
=> (s((z) - Sp= (a)) = E(T-((z- /(2 -5

Hilde i equityflo
(Tr(Xy() = 11X1p1Y/19
with 11XIIp = /[ri(P)"P ,

ci(x) singular values of X
Crude bounds : for

any
A

, 1112-Allop = SEPspecAAl IEEE
For

any
A

.

B
,

11 A-B11
.

= FallA-B1I,

S (()-spall= Ea =Ott
-> g a . S. ⑭
-1

Proof 2 : Some OT & Wielad-Hoffmann .

Recall Wulper) = inf ELUX-Y11]
2(x) =1
2(4) = r

=
if () (k -y(( it(dx ,dy)

112

ππ(p ,
r)
-

mesures de marginales pe et ~



Here p = 1[G
,
v = 15 dy;u

then
,
a coupley it can be written jleijen = n

withI bi-shockashic
, iTj = (x : 3 + (yj3)

so Welpr) =
if (t < 1k :

-yj/l T,j)
#EBu
~ bistochastic

Fact(Choquell : Welpr) = if (1 :
-youl)

Here
,
we want

= Wi(p , pot) =F (M)
~

Wieland-Hoffmann! J: (A) JilB)
= llA-BII = 115.%- Tille

So W
. (p , pp) = 1115% [11 =0()

2) Close to the edge : Bai -Yin

Theorem
:
!B)

=

115,
- 2

.

Fu Fu
u - s

Roof: a Lower bound obvious from CV lo semi-circle :

Vaso , if p. (12-9 ,0)) +x((2-5 , 07 > 0.
Portmanteau



· Upper bound
Firside : (2+ 2) In-59 2

,
0 ?

F

EXX
,
<X

,

(2+ 2)X - E x 0

2 YeSecudidea : 2In-J I I = (2) = - Bm2 -

n I
and -Dispositive ! (-A)(f)(k) = 2 f(k) - f(4 +1) - f(h - 1)

with f(0) = 0 = f(u+ 1)

pef : < f . (1)k : 2t - [
:

.jb : lijke
(i) f(j)

= E ..jij = 1 (f(i) - f(j))2, o
Actual proof of the upper bound :

· Inp JT=
so we only need to deal with the case B = 0.

· <X
. (12- 9) In-E)x) = 2 EX ?

-lig:Yve

-----jEM1-( : -Xj)+ -)X:
30 &



# Microsco
pic consequences

1) Stochastic Airy Operator (SAO)

Following Krishnapur-Rider-Virag
Ede : 2In-J-DD + shuff at smaller scale

> /2I-I)-ARW,
Theore : <24 (2 M(SAO)

2-1h largest eigen value of GBEn
In particular (Corral-Fishe) :

-24 (2 - M-M/SAOp) =< . Stop

=
if (10tk'de + So re flatdo

If RF 1
- (: HdWa)

& TWp (non trivial ! )


